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Abstract 
In [1], the authors proposed a combinatoric conjecture on binary string, and based on which they constructed two 
classes of Boolean functions with good cryptographic properties. In [2], the authors proved the conjecture in some 
cases and predicted that a general proof was difficult to obtain. In this paper, from a new viewpoint, we prove that the 
conjecture is true in general. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
Balancedness, a high algebraic degree, a high algebraic immunity and a high nonlinearity are very 
important cryptographic criteria for a Boolean function to resist many kinds of attacks. There are many 
classes of Boolean functions achieving optimum algebraic immunit [3,4,5,6]. However, the nonlinearity 
of these functions is not high enough to assert resistance to fast correlation attacks. 
In [1], based on the following conjecture, the authors constructed two classes of Boolean functions with 
optimum algebraic immunity, and the second class are also balanced functions with optimum algebraic 
degree and the best nonlinearity up to now which is very near to that of bent functions.   
Conjecture 1.1. For every x Z∈ , we expand x  as a binary string of length k , and denote the number 
of ones in the string by ( )w x , let 
2 1
{( , ) | , , ( 2 1), ( ) ( ) 1}k
k
tS a b a b Z a b t mod w a w b k−= ∈ + ≡ − + ≤ − , where 
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1 2 2kt≤ ≤ − , 2k ≥ . Then 1| | 2ktS −≤ . They designed a transfer-matrix algorithm, and through which they 
validated the conjecture when 29k ≤ .
In [2], the authors proved the conjecture in some cases and predicted that a general proof was difficult 
to obtain. In this paper, we prove that the conjecture is true in general. In fact, we get exact values of tS :
1 ( )
1 1 ( )2
2 , ( 1) 1,
| |
2 2 , ( 1) 1
k k w t
k st
k s k w t
k s
S
C
− +
−
− − +
−
⎧ − = −⎪= ⎨
⎪ − − =⎩
2. Proof of the conjecture 
The Hamming weight of a vector a , denoted by ( )wt a , is defined to be the number of nonzero 
coordinates in a . Let 
22 1
: k
kf Z F− →
1 2( , ,..., ),kx x x xa
where 11 2 2 ... 2
k
kx x x x
−= + + +⋅ ⋅ , and 2ix F∈ . Clearly, f is bijective. Therefore, we can transform 
Conjecture 1.1 into the following form: 
Theorem 2.1. 2{ | , , ( ) ( ) 1}
k
tS x x t F wt x wt x t k= ∈ + + ≤ − , where 1 ( ) 1wt t k≤ ≤ − , 2k ≥ . Then 
1| | 2ktS
−≤ .
Lemma 2.1.
0 1 1
0 1 1 0
... ,
... ,
i i s i s
i s k s s k s s k s
k i i i
s k s s k s s k s
C C C C C C if k s i s
C
C C C C C C if i s and i k s
− −
− − −
−
− − −
⎧ + + + − ≥ ≥⎪= ⎨ + + + ≤ ≤ −⎪⎩
Poof. ( 1) ( 1) ( 1)k s k sx x x −+ = + + . Compare the coefficients of ix  on both sides and the result follows. 
 In what follows, we will divide the theorem into eight parts, and prove each one respectively. 
Case A: k  is odd, ( )s wt t=  is even and 3 1s k≤ + .
If ( ) ( 1) / 2 / 2wt x k s≤ − − , then ( ) ( ) ( ) ( 1) / 2 / 2wt x t wt x wt t k s+ ≤ + ≤ − + , and therefore 
( ) ( ) 1wt x wt x t k+ + ≤ − . If ( ) ( 1) / 2 / 2 1wt x k s= − − + , to assure ( ) ( ) 1wt x wt x t k+ + ≤ − , we have 
( ) ( 1) / 2 / 2 1wt x t k s+ ≤ − + − . Therefore, there exists at least one position such that corresponding 
coordinates in x  and t  are both equal to 1. Since 3 1s k≤ + , the number of such x  is equal to 
1 1 1
1 1 2 1 12 12 2 2 2 2 2... .
k s k s k s
ss
s k s s k s s k sC C C C C C
− − −− + − − + − − + −
− − −+ + +
If ( ) ( 1) / 2 / 2 2wt x k s= − − + ,to assure ( ) ( ) 1wt x wt x t k+ + ≤ − ,we have ( ) ( 1) / 2 / 2 2wt x t k s+ ≤ − + − .
Therefore, there exist at least two positions such that corresponding coordinates in x  and t  are all equal 
to 1. Thus the number of such x  is equal to 
1 1 1
2 2 3 2 23 22 2 2 2 2 2... .
k s k s k s
ss
s k s s k s s k sC C C C C C
− − −− + − − + − − + −
− − −+ + +
In general, let ( )wt x i= , where ( 1) / 2 / 2 1 ( 1) / 2 / 2k s i k s− − + ≤ ≤ − + . To assure 
( ) ( ) 1wt x wt x t k+ + ≤ − , we have ( ) 1wt x t k i+ ≤ − − . Therefore, there exist at least ( 1) / 2 / 2k s i− − + +
positions such that corresponding coordinates in x  and t  are all equal to 1. Thus the number of such x  is 
equal to 
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1 1 1 1
1 ( 1) ( )
2 2 2 2 2 2 2 2... .
k s k s k s k s
i i i i i is i s
s k s s k s s k sC C C C C C
− − − −− + + + − − + + + − + + − − + +−
− − −+ + +
If ( ) ( 1) / 2 / 2wt x k s> − + , then ( ) ( ) ( ) ( 1) / 2 / 2wt x t wt x wt t k s+ ≥ − > − − , and therefore 
( ) ( ) 1wt x wt x t k+ + > − . Thus we get 
1 1 1
2 2 2 2 2 2
10 1
2 2
| | .
k s k s k s
i i j j
t k s k s
k si j i si
S C C C
− − −− + −
−
−
−= = −= − +
= +∑ ∑ ∑
Since
1 1
2 2 2 2
1
1
2
k s k s
i j j
s k s
k j i si
C C
− −+ −
−
−
− = −= +
∑ ∑
=
1 1
2 2 2
1
1
2 2
( )
k k s
k i j j
s k s
k s j k i si
C C i k i
− − −
− −
−
− = − −= − +
→ −∑ ∑
=
1
2
1 1
1 1
2 2 2 2
( )
k
i
s i j k s j
s k s
k s k s
i j
C C i k s j
−
− − − −
−
− −= − + = − +
→ − −∑ ∑
=
1 1
2 2 2
1
1
2 2
k k s
i j j
s k s
k s j i si
C C
− − −
−
−
− = −= − +
∑ ∑
,
and by Lemma 2.1, we have 
1 1
2 2 2
10 1
2 2
| |
k s k
i
i i j j
t k s k s
k si j i si
S C C C
− −−
−
−
−= = −= − +
= +∑ ∑ ∑
=
1 1
2 2 2
10 1
2 2
k s k
i i
k k
k si i
C C
− −−
−= = − +
+∑ ∑
= 12k− .
Case B: k  is odd, ( )s wt t=  is odd and 3s k≤ .
Analogous to the analysis in Case A, we have 
1 1 1 1 1 1
2 2 2 2 2 2
1 10 1
2 2
| | .
k s k s k s
i i j j
t k s k s
k si j i si
S C C C
− + − − − +− + −
−
−
− += = −= − +
= +∑ ∑ ∑
Since
1 1 1 1 1
2 2 2 2 2
1 1 1 1 1
1 2 2
2 2 2 2 2
,
k s k s k
i
i j j i j j
s k s s k s
k k s k sj i si i j
C C C C
− − − + −+ −
− −
− −
− − + − += −= + = − + = − +
=∑ ∑ ∑ ∑
and
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1
1 1 1 1 1 12 ( 1) 1 12 2 2 2 2 2
1 1
1
2 2
2 ,
k
k s k s k s
i s
s k s k s
k s
i
C C C
−
− + − + − −− − + − + −−
− −
− += − +
=∑
we have 
1 1 1
1 12 2 2
1 2 2
1 10 1
2 2
| | 2
k s k
k si
i i j j s
t k s k s k s
k si j i si
S C C C C
− + −− − −−− −
− −
− += = −= − +
= + −∑ ∑ ∑
=
1 1
1 1 2 22 2
k s
k s
k sC
− −−− −
−− .
Case C: k  is odd, ( )s wt t=  is even and 3 1s k> + .
If ( ) ( 1) / 2 / 2wt x k s≤ − − , then ( ) ( ) 1wt x wt x t k+ + ≤ − . Let ( )wt x r= . There exist at least 
( 1) / 2 / 2k s r− − + +  positions such that corresponding coordinates in x  and t  are all equal to 1. Thus 
the number of such x  is equal to 
1 1
0 1 1 2 2 2 2
1 1
1 1 2 2 2 2
1
... , 1
2 2
1
... ,
2 2
k s k s
rr r
s k s s k s s k s
k s k s
rs r s s r s
s k s s k s s k s
k s
C C C C C C r s
k s
C C C C C C s r
− −− + + −−
− − −
− −− + + −− − − +
− − −
⎧ −+ + + − + ≤ ≤⎪⎪⎨ −⎪ + + + < ≤ +⎪⎩
If ( ) ( 1) / 2 / 2wt x k s> − + , then ( ) ( ) 1wt x wt x t k+ + > − . Thus we get 
1 1 1 1
2 2 2 2 2 2 2 2
10 0 11
2 2
| | .
k s k s k s k s
s
i i j j i j j
t k s k s s k s
k si j i s j i si
S C C C C C
− − − −− − + −
− −
− −
−= = = + = −= − +
= + +∑ ∑ ∑ ∑ ∑
 By Lemma 2.1, the number of tx S∈  such that 
1
( )
2
k
wt x i
−= −  or 1 1
2
k
i
− + +  is equal to 
1
2
k
i
kC
− −
.
Therefore, 
11 12
0 1 12 2 2
0
| | ... 2 .
s
k s k
i k
t k k k k
i
S C C C C
−− −− − −
=
= + + + + =∑
Case D: k is odd, ( )s wt t=  is odd and 3s k> .
Analogous to the analysis in Case C, we have 
1 1 1 1
1 11 1 12 2 2 2
2 2 2
0 0 0
| |
k s s s
k k s
ii i
t k k s k s
i i i
S C C C C
− + + −− − −− − −− −
−
= = =
= + −∑ ∑ ∑
=
1 1
1 1 2 22 2
k s
k s
k sC
− −−− −
−− .
Case E: k  is even, ( )s wt t=  is even and 3s k≤ .
Analogous to the analysis in Case A, we have 
1 1
2 2 2 2 2 2
0
2 2
k s k s k s
i i j j
t k s k s
k si j i si
S C C C
− − + − −
−
−
= = −= −
= +∑ ∑ ∑
=
1 1
1 1 2 22 2
k s
k s
k sC
− −−− −
−− .
Case F: k  is even, ( )s wt t=  is odd and 3 1s k≤ + .
Analogous to the analysis in Case A, we have 
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1 1 1
1
2 2 2 2 2 2
1
10 1
2 2
| | 2 .
k s k s k s
i i j j k
t k s k s
k si j i si
S C C C
+ + +− + − −
− −
−
+= = −= − +
= + =∑ ∑ ∑
Case G: k  is even, ( )s wt t=  is even and 3s k> .
Analogous to the analysis in Case C, we have 
1 1
1 1 2 2| | 2 2 .
k s
k s
t k sS C
− −−− −
−= −
Case H: k  is even, ( )s wt t=  is odd and 3 1s k> + .
Analogous to the analysis in Case C, we have 
1
1 1 2
2 , ( 1) 1,
| |
2 2 , ( 1) 1
k k s
k st
k s k s
k s
S
C
− +
−
− − +
−
⎧ − = −⎪= ⎨
⎪ − − =⎩
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